Abstract. Let H k (n) denote the rational Cherednik algebra of type A n−1 , and M be the polynomial representation of H k (n) given by Dunkl operators. Dunkl showed that if r is a positive integer not divisible by n and k = r/n, then M contains a copy of the reflection representation of Sn in degree r which consists of singular vectors. Let I be the Hn(k)-submodule in M generated by these singular vectors. We compute the support of the module M/I as a C[x]-module. In particular, we show that the Gelfand-Kirillov dimension of M/I is d − 1, where d is the greatest common divisor of r and n. In the special case d = 1, this gives a simple proof of the result from [BEG] that the irreducible quotient of M is finite dimensional.
The result
Let H k (n) denote the rational Cherednik algebra of type A n−1 (see e.g. [BEG] and references therein). Namely, consider the algebra H k (n) generated by x i , y i , i = 1, ..., n, and S n , with defining relations Then H k (n) is the subalgebra of H k (n) generated by x i − x i+1 , y i − y i+1 , and S n . It is clear that H k (n) = H k (n) ⊗ D, where D is the algebra of polynomial differential operators in one variable t.
Let M = C[x 1 , ..., x n ] denote the polynomial representation of H k (n). This representation is defined by the formulas x i → x i , w → w, y i → D i , where D i are the Dunkl operators
, where M is the polynomial representation of H k (n) (realized in the space of polynomials of x i − x i+1 ), and
Proposition 1.1. [Du] Let r be a positive integer not divisible by n, and k = r/n. Then M contains a copy of the reflection representation of S n , which consists of singular vectors (i.e. polynomials annihilated by Dunkl operators). This copy sits in degree r and is spanned by partial derivatives ∂f ∂xi , where
(the symbol Res ∞ denotes the residue of at infinity).
TATYANA CHMUTOVA AND PAVEL ETINGOF
This proposition can be proved by a straightforward computation. The functions ∂f ∂xi are a special case of Jack polynomials.
Let I be the submodule of M generated by ∂f ∂xi , i.e. the gradient ideal of f . Consider the H k (n)-module V = M/I, and regard it as a C[x]-module (where x stands for the collection of variables x i − x i+1 ).
Our result is Theorem 1.2. Let d = (r, n) denote the greatest common divisor of r and n. Then the (set-theoretical) support of V is the union of S n -translates of the subspaces of C n /∆ (where ∆ is the diagonal), defined by the equations
In particular, the Gelfand-Kirillov dimension of V is d − 1.
In the special case d = 1 the theorem says that the support of M/I is {0}. This gives us a simple alternative proof of the fact [BEG] that for (r, n) = 1, the irreducible quotient of M is finite dimensional.
Proof of Theorem 1.2
The support of V is the zero-set of I, i.e. the critical set of f . Suppose
Assume that x 1 , . . . x n take distinct values y 1 , . . . , y p with positive multiplicities m 1 , . . . , m p . The previous equation implies that this point is in the critical set iff
Since ν i are arbitrary, this is equivalent to the condition
We will now need the following lemma.
Then a(z) is polynomial.
Proof of the lemma: Let g be a polynomial. Then
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and hence
is a polynomial of degree
. This means that for every l ≥ 0, Res ∞ z l+p−1 a(z)dz is linear combination of residues of z q a(z)dz with q < l + p − 1. By the assumption of the lemma, this implies by induction in l that all such residues are 0 and hence a is a polynomial. 
